It is well known that there are 16 two-dimensional reflexive polytopes up to lattice isomorphism. One can check directly from the list that the number of lattice points on the boundary of such a polytope plus the number of lattice points on the boundary of the dual polytope is always 12. It turns out that two-dimensional reflexive polytopes correspond to certain relations of two generators A and B of SL2(Z) of length 12. We generalize this correspondence to reflexive configurations with winding number w and relations of length 12 w.
Introduction
The aim of this note is to relate the following two well-known results 1.) and 2.) below (see also Theorem 1.2):
1.) Let A = 1 1 0 1 and B = 1 0 −1 1 be two generators of SL 2 (Z).
Assume there exists a relation of the form
We are mainly interested in those relations with only non-negative coefficients a i , b i for i = 1, . . . , r. This is an easy consequence from the structure of the group SL 2 (Z). In fact there exists a surjective group homomorphism SL 2 (Z) −→ Z/12 Z, which maps both elements A and B to the same generator in Z/12Z (see section 3, 1.)).
2.) Let M be a lattice isomorphic to Z 2 and let M R := M ⊗ R be the two-dimensional R-vector space containing the lattice M . Let ∆ be a lattice polytope of dimension 2 in M R . This is the convex hull of a finite number of lattice points P 1 , . . . , P t in M R , where not all these points lie on a common line. We always assume 0 is an inner point of ∆, and the points P 1 , . . . , P t are vertices of ∆. Then the dual polytope ∆
• is defined as
where M * R is the vector space dual of M R and −, − denotes the natural pairing. Such a polytope ∆ is called reflexive if the dual polytope ∆
• is a lattice polytope.
This condition already implies, that 0 is the only inner lattice point. The reflexive polytopes in dimension 2 can be easily classified (see [B] , and Figure  8 ): there exist precisely 16 up to lattice isomorphism. We denote by z(∆) the number of lattice points on the boundary of ∆. Then one can check
For each reflexive polytope ∆ we define a sequence of natural numbers as follows. Let F i for i = 1, . . . , t be the one-dimensional faces of ∆, where we choose an anticlockwise numbering. For simplicity we take the indices in Z/tZ. So F i ∩ F j = ∅ precisely when j = i − 1, i, or i + 1. We denote by a i the number of lattice points on the face F i minus one. In the dual polytope ∆ • the faces correspond to the vertices of ∆, so to the intersections F i ∩ F i+1 . We denote the faces in ∆
• which corresponds to
. Then we define b i as the number of lattice points on F i,i+1 minus one (see left hand-side of Figure 1 for an example, here F i is the face with vertices P i and P i−1 ). Obviously,
3.) The aim of this note is to prove the following theorem relating the two results above. Theorem 1.2 Let ∆ be a reflexive polytope with r vertices with sequence of numbers a i and b i for i = 1, . . . , r as above. Then
where A and B are the two matrices in SL 2 (Z) defined in 1.). Conversely, each relation of length 12 with only non-negative exponents corresponds to a reflexive polytope ∆ which has precisely a i + 1 lattice points on its ith face and the dual polytope ∆ • has precisely b i + 1 lattice points on its ith face (see Figure 8 ).
We note that A and B certainly satisfy more relations provided we do not assume the exponents to be non-negative, e. g. the braid relation
So it is natural to ask whether all relations of length 12 with non-negative exponents can be obtained from one particular relation and from the relation (2). In fact this relates to the following property of two-dimensional reflexive polytopes which can be deduced from the list in Figure 8 immediately: If we connect two polytopes ∆ and ∆ ′ , whenever we can obtain ∆ from ∆ ′ by an elementary cut (Section 4, 2.) for a precise definition), then the resulting graph with vertices the two-dimensional reflexive polytopes is connected. It follows from the proof of our main result that any elementary cut corresponds to a change of the relation using the braid relation (2). Consequently, any two relations of length 12 are related to another by repeated applications of relation (2) according to a path in Figure 8 . For further results related to the number 12 and reflexive polytopes we also refer to [PR] . We also note that the reflexive polytopes in dimension 3 and 4 are classified in [KS1] and [KS2] . Moreover, a construction of reflexive polytopes from quivers can be found in [AH] .
This note is organized as follows. In Section 2 we generalize our approach to relations of length 12n and to reflexive configurations. It can be seen as a certain covering of the original one. In Section 3 we collect some basic facts on SL 2 (Z). In particular we construct the homomorphism from SL 2 (Z) to Z/12Z and prove some relations between certain generators of SL 2 (Z). In Section 4 we prove the results in the introduction and in Section 2. In particular, we show how reflexive polytopes, and moreover, reflexive configurations are related to relations for the elements A and B in SL 2 (Z). Finally, in the last section we discuss some complements. In particular we show the graph Γ w of all reflexive configurations with winding number w is connected (Theorem 5.3).
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Reflexive Configurations
1.) Further, we fix a natural number n and ask for relations (1) of length 12n with non-negative exponents. Those relations correspond to a generalization of reflexive polytopes, which can be seen as a kind of n fold covering: Let P 1 , . . . , P t be a finite number of lattice points in M R . For simplicity we assume the indices to be in Z/tZ, so P t = P 0 . For two points P i and P i+1 we define v i to be minimal element in M with P i+1 − P i = a i v i for a i a positive integer. So P i + v i is the first lattice point on the line segment P i , P i+1 . We call the sequence P 1 , . . . , P t of elements in M a reflexive configuration if 1.) det (P i+1 − P i , P i − P i−1 ) < 0, and 2.) det (P i , v i ) = 1.
Both conditions imply that we turn "locally convex" (a point P i is not in the convex hull of 0, P i−1 and P i+1 ) in anticlockwise orientation around 0. Assume ∆ is a reflexive polytope. Then the vertices of ∆ satisfy this condition if they are ordered anticlockwise:
Lemma 2.1 Let P 1 , . . . , P t be the vertices of a reflexive two-dimensional polytope, where we ordered the points anticlockwise. Then the sequence of points P 1 , . . . , P t is a reflexive configuration.
Proof. Let ∆ be reflexive polytope. Then each facet has lattice distance one from 0. Consequently, |det (v i , P i )| = 1. Since we ordered the points anticlockwise and ∆ is convex we get det (v i , P i ) = 1 and condition 1.). 2
2.) For a reflexive configuration P 1 , . . . , P t we define its winding number w as the number of turns around 0. To give a precise definition, let r be a ray starting in 0. We consider the piecewise linear closed path λ :
Then w is just the number of elements x in (0, t] for which λ(x) is in r (see Figure 1 for some examples). 
Lemma 2.2 The convex hull of any reflexive configuration P 1 , . . . , P t with winding number 1 is a reflexive polytope.
Proof. It is sufficient to show that each point P i is a vertex in the convex hull ∆ of the points P 1 , . . . , P t . Thus, it is sufficient to prove that each P i is not in the convex hull of 0, P i−1 , and P i+1 . Without loss of generality we show that P 1 is a vertex. There are two cases: either there exists a half space H + in M with P t and P 2 both in this half space, but P 1 is not (then the proof is finished since the convex hull of 0, P t , and P 2 is contained in H + , see Figure 2 below) or such a half space does not exist. It remains to prove the claim in the second case. From the assumption in case 2 follows det (P t , P 2 ) > 0. Assume P 1 is in the convex hull of 0, P t , and P 2 . Then P 1 = cP t + dP 2 for some nonnegative numbers c and d Similar as for reflexive polytopes, we can define the dual reflexive configuration Q 1 , . . . , Q t of vertices in the dual space M * R : Let
Obviously L i is an affine line containing lattice points and we define
Note that L i and L i+1 can not be parallel, since otherwise
where a i is the lattice length of the line segment P i , P i+1 , a contradiction to our assumption above. Moreover, Q i is a lattice point. We also note that the dual of the dual configuration is the original one with indices shifted by one, so isomorphic to the original configuration. For a reflexive configuration with winding number w the winding number of the dual configuration is also w. Moreover, let u i be the minimal element in M * with Q i+1 − Q i = b i u i for a positive integer b i .
4.)
Similar to the construction in Section 1 we assign to each reflexive configuration two sequences of natural numbers a i and b i for i = 1, . . . , t. Here we define a i to be the number of lattice points along the line segment P i−1 , P i minus one and b i the number of lattice points along the line segment Q i−1 , Q i minus one (see Figure 1 for some examples). Thus,
Theorem 2.3 Let P 1 , . . . , P t be a reflexive configuration with winding number w defining two sequences of natural numbers (a i ) and
Moreover, the relation (1) holds. Conversely, let A and B satisfy a relation (1) with non-negative exponents. Then there exists a reflexive configuration with winding number w satisfying the equation above with number of lattice points on the line segments determined by the exponents a i and b i as above.
We prove this result in Section 4.
3 Reflexive Configurations and Relations in SL 2 (Z)
1.) Proof (of Proposition 1.1). It is a well-known classical fact that SL 2 (Z) is generated by two elements
where X is of order 4 and Y is of order 3 (see e. g. [S] or [CM] ). Moreover, the images of X and Y in PGL 2 (Z), denoted by X and Y , generate PGL 2 (Z), the relations are X 2 = 1 = Y 3 . So each element in PGL 2 (Z) can be written in a unique way as a word in X and Y , where each exponent of X is one and each exponent of Y is one or two. It can be seen directly that X 2 equals −Id, so X 2 is the only non-trivial central element in SL 2 (Z). Since PGL 2 (Z) is freely generated by X and Y we can define a group homomorphism
which lifts to a group homomorphism
Direct calculations show
Thus φ(A) = φ(B) = (−1, 1). This proves Proposition 1.1. 2 2.) The group SL 2 (Z) is isomorphic to the group generated by two elements X and Y which satisfy the relations
Direct calculations using the formula above show that it is also isomorphic to the group generated by two elements A and B which satisfy the relations ABA = BAB and (ABA) 4 = (ABA 2 ) 3 = 1, or ABA = BAB and (AB) 6 = 1.
Here (AB) 6 = 1 can be replaced by any relation of length 12, which can be found in Figure 8 (see also Section 4.2). However, it is not clear at this point that one can get any relation with positive coefficients of length 12w from (AB) 6w = 1 by iterated substitution of ABA by BAB or vice versa (we prove this fact in Section 5, Theorem 5.3).
3.)
Next we start with a reflexive configuration P 1 , . . . , P t . To such a configuration we already associated the sequence of vectors v i := 1/a i (P i+1 −P i ). Assume the pair (P, v) consists of two lattice points P and v in M R . We can interprete P as a position where we stay, and v as a direction in which we look. We assume the pair (P, v) satisfies det (P, v) = 1. Now we go step by step to other positions (P ′ , v ′ ) in the lattice, so that det (P ′ , v ′ ) = 1 is still satisfied, and where we are allowed 1.) to go one step further, so from (P, v) to (P ′ , v ′ ) = (P + v, v), or 2.) to change the direction v anticlockwise to the next possible lattice position, so from (P, v) to (P ′ , v ′ ) = (P, v − P ).
For a further explanation we also refer to the figure below.
(P 2 , v 2 ) = (P 2 , v 1 − 2P 2 ) (P 3 , v 3 ) = (P 3 , v 2 − P 3 ) We can interpret them just as multiplication by A and B if we write P and v as row vectors in a 2 × 2-matrix:
, and
Using this construction it is obvious that a relation (1) is satisfied precisely when
for some tuple (P, v) with det(P, v) = 1.
Proofs of the Main Results

1.)
We use the matrices A and B constructed above to associate to each reflexive configuration P 1 , . . . , P t sequences of natural numbers a = (a 1 , . . . , a t ) and b = (b 1 , . . . , b t ). Let P i be a point in the reflexive configuration. Then
One can check directly that these numbers coincide with the already constructed ones in Section 2.
Lemma 4.1 There is natural bijection between reflexive configurations P 1 , . . . , P t (up to lattice isomorphism) and sequences of natural numbers a = (a 1 , . . . , a t ) and b = (b 1 , . . . , b t ) so that the relation (1) holds.
Proof.
The proof follows obviously from Section 3.3. 2
2.)
Using Lemma 4.1 we want to relate the braid relation to a certain change of the reflexive configuration, which we call an elementary change. For let (P 1 , . . . , P t ) be a reflexive configuration corresponding to sequences of natural numbers a and b. Assume a i = 1 for some index i. In the corresponding relation 1 we can replace a term BAB by ABA. Then the application of the braid relation to the corresponding relation (1) Such an elementary change corresponds to the following change of the reflexive configuration: there is a new vertex P ′ = P i +P i+1 in the reflexive configuration. This vertex is either a new one, replaces P i , replaces P i−1 or replaces both P i and P i−1 , respectively, depending on the actual case. We call this change an elementary hook. The dual change we call an elementary cut (see figure Figure 5
Finally we note that an elementary change preserves the winding number of the reflexive configuration.
3.) Proof (of Theorem 1.2 and Theorem 2.3). Using Lemma 2.1 and Lemma 2.2 it remains to prove Theorem 2.3. Assume P 1 , . . . , P t is a reflexive configuration with winding number w. Using Lemma 4.1 it corresponds to sequences of natural numbers a = (a i ) and b = (b i ) so that relation (1) is satisfied. By Proposition 1.1 there exists a natural number n with
It remains to show n = w. Since any relation can be obtained from the relations in Section 3, 1.) there exists a finite number of steps using the braid relation and the relation (AB) 6 = 1 to get a relation of the form (AB) 6m . Applying the braid relation corresponds to an elementary change of the reflexive configuration and such an elementary change does not change the winding number. Multiplying by (AB) 6 adds one to the winding number and canceling (AB) 6 subtracts one from the winding number. Consequently w = n. 2 5 Some Complements 1.) We also want to get a different interpretation of the matrices A and B.
For we consider the lattice Z 2 and apply the lattice transformation A and B to a point x = x1 x2 in Z 2 . The action of A and B is shown in the figure below.
Note that A acts trivially on each point with The matrix A shifts a vertex x horizontally and the matrix B shifts a vertex x vertically. The length and the direction of the shift of A depends on x 2 and the length and the direction of the shift of B depends on x 1 . Similar to the construction above, we can associate to any sequences of natural numbers a = (a 1 , . . . , a r ), b = (b 1 , . . . , b r ) and a starting vertex x 0 a sequence of points 
x 15 x 14 x 13
x 11 x 12
x 10 x 9 x 8 x 7
x 6
x 5 x 4
x 3 (0, 0)
Figure 7 2.) We use the AB-strings introduced above to prove two useful results.
Lemma 5.1 Assume there is a relation (1) with a = (1, . . . , 1, a l , . . . , a t ) and b = (1, . . . , 1, b l , . . . , b t ). Then there exists some index i = l, . . . , t with a i = 1 or b i = 1. If a l is already one, then there exists some index i = l + 1, . . . , t with a i = 1 or b i = 1.
Proof. Let x Proof. Assume for some index i we have b i ≤ 2. Then t number must be larger than 2w + 1 (this one can see easily locally around P i : for b i ≤ 2 the points P i−1 , P i , and P i+1 are contained in one closed half space). We assume b i ≥ 4 for all i + 1, . . . , t. We consider an AB-string with x 0 satisfying
Consequently, such an AB-string starting with x 0 cannot be closed, a contradiction. 2 3.) For any fixed winding number w we define the graph of all reflexive configurations with winding number w, denoted by Γ w , as follows. The vertices are the lattice isomorphism classes of reflexive configurations with winding number w. Two those reflexive configurations are connected by an edge if one can obtain the relation of the second one by an application of the braid relation from the first one. This graph is leveled by t i=1 a i . It is connected precisely if one can obtain each relation of length 12w by successive application of the braid relation from a particular one, e. g. (AB) 6w .
Theorem 5.3 The graph Γ w is finite and connected.
Proof.
The graph Γ w is finite, since there is only a finite number of possible relations. To show it is connected we use induction over the number of coefficients which are one. For we define for a reflexive configuration, or its corresponding coefficients a and b, a natural number
Then Lemma 5.1 shows that o(a, b) ≥ 1. We start with a relation corresponding to a and b. Assume without loss of generality a 1 = 1. Then we can apply the braid relation to get b t = 1 or b 1 = 1: assume both b t and b 1 are larger than 1. Then we apply the braid relation to . . . B b1 AB bt . . . and get . . .
(this relation has already a larger o(a, b)). Further, there is a relation
Using this relation we can shift all terms with exponent larger than one to the left. Finally we get a relation with a = (1, . . . , 1, a r , . . . , a t ) and b = (1, . . . , 1, b r , . . . , b t ). By Lemma 5.1 this process does not stop (some a i or some b i is still one), and we can apply the procedure as long all coefficients are one: that is o(a, b) = 2t = 12w. 2
Example. The graph Γ 1 with its level structure is shown in Figure 8 .
4.) Finally we are interested in a particular class of reflexive configurations: those with all a i = 1 and t minimal. We define the volume of a reflexive configuration as
For a fixed winding number w we are interested in reflexive configurations of minimal volume. The number of vertices t must be at least 2w + 1 (a polytope must have at least three vertices, a reflexive configuration with winding number w must have at least 2w + 1 vertices, since the angle P i , 0, P i+1 is less then π and the sum of all these angles is 2wπ). Consequently, also the volume is at least 2w + 1. So we are interested in reflexive configurations of volume 2w + 1. Consequently, the numbers a i are all one. First we note that those reflexive configurations exist for any winding number w:
Lemma 5.4 The exponents a = (1, . . . , 1) and b = (4, . . . 4, 3, 2w + 1, 3) (or b = (3, 4, 5, . . . , 5, 4, 3, 5, 5, . . . , 5) , where the dots denote w − 4 times 5 in both cases) define a reflexive configuration of minimal volume with winding number w.
This can be checked directly, so we skip the proof. Moreover this shows that the number of minimal reflexive configurations as a function on the winding number is not bounded, since we can use the relation (AB a+1 )(AB 3 )(AB b )(AB c ) = (AB a )(AB b )(AB 3 )(AB c+1 ) for a, b, c ≥ 3 to produce further ones from the given ones in the lemma above.
5.)
We proceed with a classification of the reflexive configurations of minimal volume for w ≤ 3:
Proposition 5.5 There exist precisely one reflexive configuration for w = 1, 2 and four reflexive configurations for w = 3 of minimal volume. The corresponding sequences b are 1) (3, 3, 3), for w = 1, 2) (3, 4, 4, 3, 5), for w = 2, and 3) (3, 4, 4, 4, 4, 3, 7) , (3, 4, 4, 5, 3, 4, 6) , (3, 4, 5, 3, 5, 3, 6), and (3, 4, 5, 4, 3, 5, 5) , for w = 3.
Proof. Using Lemma 5.2 we can check the result using elementary case by case considerations. We skip the details.
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